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Preliminary results onerning the time evolution of strongly exited SU(2) Bogomolny-Prasad-
Sommereld (BPS) magneti monopoles have been published in [11℄. The behavior of these dynam-
ial magneti monopoles was investigated by means of numerial simulations in the four dimensional
Minkowski spaetime. The developed ode inorporates both the tehniques of onformal ompat-
iation and that of the hyperboloidal initial value problem. Our primary aim here is to provide a
detailed aount on the methods and results of the investigations reported in [11℄. In addition, some
important new results, whih go muh beyond the sope of these early studies, are also presented.
PACS numbers: 03.50.Kk, 14.80.Hv
I. INTRODUCTION
Soliton and quasi-soliton type ongurations, whih
are in general spatially loalized non-singular nite
energy solutions of non-linear eld equations, play
signiant role in various partile physis onsidera-
tions (see e.g. [22, 28℄ for reent reviews). In general
the assoiated eld equations are highly non-linear,
therefore, most of the investigations have been re-
strited to the study of time independent ongura-
tions. Thereby, there is an obvious inrease of interest
to study the dynamial properties of soliton type on-
gurations. It is a matter of fat that the available
analyti tehniques either have not been developed
enough to provide or simply annot guarantee om-
pletely satisfatory answers to all questions in ase
of non-linear systems. Therefore, reliable numerial
approahes are needed whih are able to desribe the
time evolution of these type of systems. Motivated by
this sort of neessities we have developed a numerial
method whih have been used in studying the time
evolution of various spherially symmetri non-linear
dynamial systems [9, 10, 11, 12℄ (see also [4℄). This
numerial method is based on the method of lines in
a fourth order setting [16℄ whih was found to be the
most eient among the numerial methods whih are
applied in various onsiderations [18℄. In addition, to
get a faithful representation of all the radiation pro-
esses the tehniques of onformal ompatiation
(introdued rst by Penrose [25℄) to the underlying
Minkowski spaetime, along with the hyperboloidal
initial value problem were also inorporated. The ap-
plied onformal gauge, whih is a modiation of the





tigate by numerial means the asymptoti properties
of radiation proesses. One of the assoiated advan-
tages is that by making use of this method the radi-
ation proesses, whih last innitely long in physial
time, an be analyzed in nite omputational time
intervals.
Among the great variety of physially interest-
ing soliton type ongurations distinguished attention
has been paid to the study of magneti monopole type
ongurations suh as the 'tHooft-Polyakov mag-
neti monopole solutions of oupled Yang-MillsHiggs
(YMH) systems [26℄. However, even in the ase of
magneti monopoles there was a lak of knowledge
onerning the dynamial properties of these systems.
Therefore, our numerial method was rst applied
to the study of the dynamial properties of the sim-
plest possible magneti monopole system, whih ould
be hosen so that there was a radiative omponent
among the basi eld variables. This paper is, in fat,
to report about the results of investigations onern-
ing the time evolution of a strongly exited spherially
symmetri SU(2) BPS magneti monopole [2℄.
To have a lear enough setting from the energeti
point of view we investigated the time evolution of an
initially stati SU(2) BPS magneti monopole whih
was exited by the help of a high energy pulse. The
self-interation of the Higgs eld was turned o whih
yielded a Yang-MillsHiggs system so that the Yang-
Mills eld is massive while the Higgs eld is massless.
The dynamis started by injeting a pulse of exita-
tion via the time derivative of the Yang-Mills variable.
Sine the Yang-Mills and Higgs variables are oupled
(in a non-linear manner) energy was transformed to
the massless Higgs eld whih immediately forwarded
about half of the energy of the pulse towards future
null innity, I +. Naively, one would expet that the
following part of the evolution is going to be quite bor-
ing sine only a lower sale energy transform will hap-
pen until the rest of the energy of the exiting pulse
2disperse and the system settles down to the stati
monopole.
Contrary to this simple senario quite interesting
features of the underlying non-linear system show up.
First of all the exiting pulse seems to leave the en-
tral region so that it sweeps out some part of the
energy of the original stati monopole from that re-
gion together with itself. Suh a proess is learly
justied by the fat that in the entral region, where
a long-lasting quasi-stable 'breathing state' develops,
the average energy density seems to be always less
than that of the stati monopole was. Sine the orig-
inal stati magneti monopole is stable we know that
by the end the missing energy has to ome bak to the
entral region. However, as our numerial simulations
indiates [11℄ this proess is unexpetedly slow and,
in ertain ases, behaves ompletely ontrary to our
expetations. For instane, the dierene between the
dynamial and the original stati energies ontained
in a ball of radius r may be positive or negative de-
pending on the strength of the non-linear aspets of
the dynamis, as well as, on loation, i.e. on the value
of r. Nevertheless, a distant observer, say from a dis-
tane ten times larger than the harateristi size of
the original monopole, will see a power law derease
of this dierene of energies in time approximately
with power −3/2.
In the meantime the energy is getting to be stored
in expanding shells of osillations of the massive Yang-
Mills eld built up in the distant region. These shells
of osillations behaves muh like the osillations of a
simple massive Klein-Gordon eld (see for a detailed
investigation [10℄) sine the oupling of the Yang-Mills
and Higgs variables is negligible there. The monopole
an pull bak the missing energy to build up the quasi-
stati onguration in the entral region only very
slowly.
Due to the oupling of the Yang-Mills and Higgs
elds in the entral region the massless Higgs eld
ontinuously take away a small fragment of the energy
of the breathing monopole, whih is radiated to fu-
ture null innity. The orresponding derease of the
total energy whih an be assoiated with the hyper-
boloidal hypersurfaes dereases in time with power
−5/3. Note, however, that this total energy, as well
as, its limit value, is always stritly larger than the
energy of the original stati monopole. This is be-
ause the expanding shells of osillations store some
part of the energy of the original pulse forever. In
fat, this part of the energy annot reah future null
innity sine it is assoiated with the massive Yang-
Mills eld, moreover, as they are getting further and
further away from the entral region the monopole
an get bak less and less energy from them sine
non-linear eets are getting to be negligible.
The time evolution of the frequeny of osilla-
tions of the exited monopole behaves also somewhat
ounter to the general expetations. Instead of hav-
ing a slow deay in the frequeny of these osilla-
tions as their amplitude dereases there is an inrease
in the frequeny whih takes the maximum value in
the asymptoti region, i.e. at future timelike inn-
ity. Interestingly, while the frequeny of the breath-
ing monopole tends to the mass of the Yang-Mills eld
from below the frequeny of the osillations stored in
the expanding shell has no upper bound, although
the amplitude is dereasing, as in ase of the massive
Klein-Gordon eld [10℄. Note that these phenomenon
are not at all unphysial. Reall that a simple physial
system like the spinning oin on the desk an produe
a quite similar eet. As energy loss happens due to
dissipative proesses the amplitude of the spinning
is getting smaller and smaller in onsequene of whih
the frequeny of the osillations is getting higher and
higher. In ase of the distant osillating shells the
unbounded inrease of the frequeny is, in fat, to
ompensate the derease of the osillation amplitudes
whih together ensure the onservation of the energy
stored by the shells.
In virtue of these results it seems not to be over-
rating to say that the investigation of the dynamis
properties of magneti monopoles made transparent
a number of interesting and unexpeted features of
the underlying non-linear system. Hopefully, these
sort of investigations will stimulate further numerial
and analyti investigations of various non-linear dy-
namial systems. For instane, partly motivated by
the ndings of the above desribed investigations, in a
framework of linear perturbation theory some of the
above mentioned features ould be explained suess-
fully both qualtatively and quantitatively [14℄. Note,
however, that truly non-linear eets are by their very
nature out of the sope of these sort of investigations,
in partiular, as some of the new results of this paper
make it transparent, they annot be used to desribe
the behavior of the investigated system when the en-
ergy of the exiting pulse is muh larger than that of
the original stati monopole.
The struture of this paper is as follows. In the
next setion, after realling some of the basis related
to the properties of the underlying generi dynamial
system a detailed desription of the spei hoie for
both the YMH system and the geometry is provided.
The stati hyperboloidal onformal gauge applied in
our investigations is introdued in setion III, while
the rst order representation of the eld equations,
relevant for this hoie of onformal setting, is given
in setion IV. A detailed desription of the applied
numerial sheme is presented in setion V, while vari-
ous numerial tests of the ode, for the ase of massive
and massless Klein-Gordon eld, are presented in se-
tion VI. Finally, all the numerial results onerning
the evolution of dynamial magneti monopoles, in-
luding subsetions providing detailed desription of
energy transfers, monitoring of the numerial viola-
tion of onstraints and the energy onservation, along
3with the behavior of the magneti harge density, are
presented in setion VII.
II. PRELIMINARIES
The investigated dynamial magneti monopole is
desribed as a oupled SU(2) YMH system. The
Yang-Mills eld is represented by an su(2)-valued ve-
tor potential Aa and the assoiated 2-form eld Fab
reads as
Fab = ∂aAb − ∂bAa + ig [Aa, Ab] (1)
where [ , ] denotes the produt in su(2) and g stands
for the gauge oupling onstant. The Higgs eld (in
the adjoint representation) is given by an su(2)-valued
funtion ψ while its gauge ovariant derivative reads
as Daψ = ∂aψ + ig[Aa, ψ]. The dynamis of the in-








where ǫ is the 4-dimensional volume element, more-
over, V (ψ), desribing the self-interation of the Higgs








where λ and H0 denote the Higgs self-oupling on-
stant and the `vauum expetation value' of the Higgs
eld, respetively.
The symmetri energy-momentum tensor of the
onsidered YMH system takes the form










where L stands for the Lagrangian
L = Tr(FefF ef ) + 2 [Tr(DeψDeψ)− V (ψ)] . (5)
A. Fixing the geometrial and gauge setup
This paper is to investigate the evolution of spher-
ially symmetri Yang-MillsHiggs (YMH) systems
on a at Minkowski bakground spaetime. Aord-
ingly, as a xed bakground, the four-dimensional
Minkowski spaetime (R4, ηab) will be applied, the
line element of whih in the onventionally used
Desartes-type oordinates (x0, x1, x2, x3) reads as
ds2 = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2. (6)
The gauge group is speied by giving the set of
generators {τ
I
} (I=1,2,3) of the assoiated su(2) Lie











denote the Pauli matries. The ommuta-
















In addition to the above speial hoie onerning
the gauge group, our onsiderations will be restrited
to YMH systems whih are yielded by the `mini-
mal' dynamial generalization of the stati t'Hooft-
Polyakov magneti monopole ongurations [17, 26℄
(see also [15, 19℄). Aordingly, the Yang-Mills and





















where the funtions w and H are assumed to be
smooth funtions in R
4
depending upon the oordi-
nates x0, x1, x2, x3 only in the ombinations t = x0
and r =
√
(x1)2 + (x2)2 + (x3)2.
Sine the metri, as well as the matter elds, are
required to be spherially symmetri, the use of the
standard oordinates (t, r, θ, φ), adapted to the spher-
ial symmetry of (R4, ηab), is the most suitable. In
these oordinates the line element of the Minkowski
metri takes the form
ds2 = dt2 − dr2 − r2 (dθ2 + sin2 θ dφ2) . (11)
We have assumed above that w and H are smooth
funtions of t and r. This might be surprising espe-
ially beause our eventual aim is to arry out numer-
ial simulations of the YMH systems under onsider-
ations. Numerial methods are inherently too rough
to make a sensible distintion between ongurations
belonging to dierent dierentiability lasses. In fat,
our smoothness assumption is to ensure ertain teh-
nial onvenienes used later and it is supported by
the following onsiderations. (Note that for the fol-
lowing argument it would be enough to assume that
w and H are smooth in a suiently small neighbor-
hood of the origin.) In numerial simulation of spher-
ially symmetri ongurations a grid boundary rep-
resenting the origin inevitably appears. This means
that we need to solve an initial-boundary value prob-
lem whih, in partiular, requires the speiation of
4`boundary behavior' of w andH at the origin through-
out the time evolution. This is, in fat, the very point
where we make use of our smoothness assumption. In
virtue of (9) and (10) it is straightforward to see that
spherial symmetry, along with the required smooth-
ness of w and H through the origin, ensures that in
a neighborhood of the origin w and H are even and
odd funtions of the r-oordinate, respetively. Con-
sequently, as it is desribed in subsetionVD in more
detail, by extending our grid by a suitable number
of virtual grid points the `boundary values', for in-
stane, of the r-derivatives of w and H need not be
speied by hand instead they are naturally yielded
by the time evolution of the orresponding odd and
even funtions.
The Yang-Mills eld Aa as it is given by (9) is in the
Coulomb gauge. Another frequently used gauge rep-
resentation is the so alled abelian gauge in whih ψ
has only one non-vanishing omponent, and whih is






A straightforward alulation yields that in the orre-












The substitution of these gauge representations into
the equations of motion, deduible from the ation
(2), yields the evolution equations for w and H whih
are given as
r2∂2rw − r2∂2tw = w
[(
w2 − 1)+ g2r2H2] (15)









The stati nite energy solutions of these equations
are alled 'tHooft-Polyakov magneti monopoles.
B. Regularity at the origin and at innity
These equations, along with the former assumption
onerning the smoothness of the basi variables, en-
sure ertain regularity of the Yang-Mills and Higgs
elds. In partiular, it turned out that the values of
w and H are restrited at the origin and at spaelike
innity throughout the evolution. At the origin (see
appendix A for more details) the relations
w(t, 0) = 1, and H(t, 0) = 0 (17)
have to hold to have nite energy density, measured
by the stati observer with four veloity ua = (∂/∂t)a.
In addition, whenever the smoothness of w and H is
guaranteed in a neighborhood of the origin we also
have
∂krw|r=0 = 0 (18)
for k being odd, while
∂krH |r=0 = 0 (19)
for k being even. For the rst sight it might be a
bit of surprise but a same type reasoning that lead to
(18) and (19) provides a restrition also for the rest
of the derivatives. Namely, from the eld equations
and from the smoothness requirement it follows that
at the origin all the non-vanishing derivatives ∂krw,
with k ≥ 4, and ∂lrH , with l ≥ 3, an be given as
a funtion of ∂2rw and ∂rH , along with their various
time derivatives.
The argument assoiated with the regularity of the
basi variables at spaelike innity is more deliate.
To get it we need to refer to the onformal (non-
physial) setting, where our numerial simulation a-
tually will be arried out. In this framework it seems
to be essential to assume that the elds are at least
C2 even through future null innity, I +. We refer
here to this requirement as being merely a tehnial
assumption, nevertheless, we would like to emphasize
that the use of it is supported by the following obser-
vations. In [30℄ it was proved that the time evolution
of a massive Klein-Gordon eld in Minkowski spae-
time with initial data of ompat support neessar-
ily yields O(1/r∞) asymptoti behavior at null inn-
ity. In addition, the results of Eardley and Monrief
[3, 7, 8, 23℄ onerning the loal and global existene
of YMH elds in 4-dimensional Minkowski spaetime
supports that the above tehnial assumption an be
dedued from the eld equations at least in ase of
suitably hosen initial data speiations.
This smoothness requirement, along with the rele-
vant form of the resaled eld equations, implies (see
appendix A for more details) that w has to vanish
while H has to be onstant along the null geodesi
generators of I +. The eld equations also yield fur-
ther restrition on this onstant limit value H
∞
of H
at I +. In partiular, H
∞
must take the value H0
whenever λ 6= 0 but it is an arbitrary (positive) on-
stant, C, otherwise. Thus, by making use of a limiting
argument, the values of w and H at spaelike innity












H0, if λ 6= 0;
C, otherwise.
(21)
Notie that the later relations are in aordane with
our general expetations that the onsidered dynam-
ial YMH systems do really possess the asymptoti
5fall-o properties of a magneti monopole [15, 19℄
throughout the time evolution.
It follows from equation (15), (16) and (21) that

















In partiular, both elds are massless whenever H
∞
vanishes, while only the Higgs eld is massless, al-
though it is oupled to a massive vetor boson, when-
ever the self oupling onstant λ is zero.
Whenever the smoothness of the basi variables
is guaranteed through I + then the nth order r-
derivatives of w and H are also restrited there.
In partiular, it follows from the relations (A.10),
(A.15)-(A.18), along with the vanishing of the energy-
momentum expressions at null innity that whenever
H
∞













= 0, (for n ≥ 2) (25)
have to be satised.
It is important to note that whenever λ = 0, i.e.
the self-oupling of the Higgs eld is turned down,














where C is an arbitrary positive onstant whih is
in fat the limit value, H
∞
, of the r.h.s. of (27).
This stati solution is alled to be the Bogomolny-
Prasad-Sommereld (BPS) magneti monopole whih
is known to be a linearly stable onguration [1℄.
Notie that in the BPS limit, i.e. whenever λ = 0
and H
∞
= H0 6= 0, the Higgs eld beomes mass-
less and the only sale parameter of the system is the
vetor boson mass Mw = gH∞ . Sine in the ase on-
sidered here H
∞
6= 0, the re-salings t → t˜ = tMw,
r → r˜ = rMw and H → H˜ = H/H∞ transform the
parameters to the value g = H
∞
= 1. This implies
that whenever we would like to study the exitations
of the BPS monopole it sues to onsider the time
evolution of the system only for the partiular hoie
of the parameters g = H
∞
= 1 beause by inverse
re-salings of these solutions all the possible solutions
to the eld equations an be generated. Atually, to
hek the eieny of our numerial implementation
of the evolution equations rst the stability of this
stati solution was investigated. Later, the omplete
non-linear evolution of systems yielded by strong im-
pulse type exitations of these analyti stati solution
was also studied in detail.
Although it is not neessary to be done, neverthe-
less we preferred to put the prinipal part of (16) into
the same form as the prinipal part of (15) whih was







It follows then that our new basi variable h vanishes
at the origin while it takes a nite limit value at inn-
ity if H is guaranteed to tend to its boundary value
fast enough there. The substitution of (28) into the





























where we have used the relation H
∞
= H0 when-
ever λ 6= 0. The regularity of the solutions to these
equations at r = 0 follows from the boundary on-
ditions (17). It is important to note that (21) and
(28), along with our smoothness and symmetry as-
sumptions, whih in partiular implies that H is an
odd funtion of r, guarantees that h+H
∞
r has to be
an even funtion of the r-oordinate. Moreover, sine
h2 + 2H
∞




r2 the right hand
sides of (29) and (30) are both even funtions of the
r-oordinate. Notie nally that, by equations (29)
and (30), the expressions ∂2rw − ∂2tw and ∂2rh − ∂2t h
have regular limits at r = ∞ beause, in virtue of
(21),(24),(25) and (28), w and h remain nite while r
tends to innity.
III. THE STATIC HYPERBOLOIDAL
CONFORMAL GAUGE
In this setion a onformal transformation of the
Minkowski spaetime  along with the relevant form
of the above matter eld equations  will be onsid-
ered.
The applied onformal transformation is a slightly
modied version of the gauge transformation applied
rst by Monrief [24℄ (see also [20℄). It is dened
by introduing the new oordinates (T,R) instead of
(t, r) as
T (t, r) = κt−
√
κ2r2 + 1 (31)
R(r) =
√
κ2r2 + 1− 1
κr
(32)












6where κ is an arbitrary positive onstant. The
Minkowski spaetime is overed by the oordinate do-
main satisfying the inequalities −∞ < T < +∞ and
0 ≤ R < 1 (see Fig.2).
The line element of the onformally resaled metri
g˜ab = Ω




dT 2 + 2RdTdR− dR2
−R2 (dθ2 + sin2θ dφ2) , (34)





and, by (33) and (35), we have the relation
rΩ = R. (36)
In this onformal representation the R = 1 oor-
dinate line represents I + through whih the metri
g˜ab smoothly extends to the oordinate domain with
R ≥ 1.
The name `stati hyperboloidal gauge' is explained
by the following observations. First, (32) tells us that
the R = const lines represent world-lines of `stati ob-
servers', i.e. integral urves of the vetor eld (∂/∂t)a.
Seond, it follows from (31) that the T = const hy-
persurfaes are, in fat, hyperboloids satisfying the
relation (κt−T )2−κ2r2 = 1 in the Minkowski spae-
time.
The equation desribing radial null geodesis in the




1±R + T0 , (37)
with the plus signs orresponding to outgoing and the
minus signs to ingoing geodesis. The form of the
onstant is hosen in a way that both type of geodesis
ross the origin R = 0 at time T = T0. The outgoing
geodesi emanating from the origin reahes future null
innity R = 1 in a nite oordinate time at T = T0+1.
The ingoing geodesis starting from a point at radius
R0 at T = 0 reahes the origin at T = 2R0/(1 −
R0). Consider now a geodesi starting at a point lose
to I + with radius R0 = 1 − δR. Suh a geodesi
reahes the origin at T = −2 + 2/δR. This means
that for geodesis oming in from the far away region,
the travel time essentially doubles when the geodesi
starts from a point twie as lose to the R = 1
line. This has an important onsequene in relation
to the validity domain of our numerial ode. Namely,
the doubling of the resolution yields the doubling of
the time interval within whih we may expet our
numerial simulation to provide a proper solution to
the seleted problem. Here it is assumed taitly that
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FIG. 1: The ingoing and outgoing radial null geodesi urves
are shown in both the physial and unphysial regions.
As in other onformal representations eah point represents a
two-sphere of radius R. The interior of the strip 0 ≤ R < 1
orresponds to the original Minkowski spaetime while I + is
represented by the R = 1 oordinate line. Notie that the R =
const lines possesses timelike harater everywhere exept at
the R = 1 line whih is null.
the outer region  that is the part of the spaetime
where the evolution annot be desribed properly by
any of the numerial tehniques based on a nite grid
 travel inwards only with the speed of light.
Consider now the eld equations relevant for this
onformal setting. To start o take a funtion f =
f(t, r) of the oordinates t and r and denote by
f˜ = f˜(T,R) the funtion f(t(T,R), r(T,R)) yielded
by the substitution of (33) into f . A straightforward
alulation justies then that for any pair of funtions
f = f(t, r) and f˜ = f˜(T,R) the relation
r2
(








∂2Rf˜ − ∂2T f˜ (38)
−2R∂R∂T f˜ − 2Ω
κ(R2 + 1)





holds. It follows then from (36) and (38) that the
eld equations, (29) and (30), in the urrent onfor-













































7As before, the regularity of the solutions to these
equations at the origin, i.e. at R = 0 is guaranteed
by the regularity of (29) and (30) at r = 0, while, the
regularity at future null innity, i.e. at R = 1, follows
from (21), (24) and (25) provided that the elds have
at least C2 extensions through I +.
Hereafter, unless indiated otherwise, all the fun-
tions will be assumed to depend only on the oordi-
nates T and R. Thereby we suppress all of the tildes,
introdued above.
IV. THE FIRST ORDER HYPERBOLIC
SYSTEMS
This setion is to derive a rst order hyperboli
system from the above evolution equations for whih
the initial value problem is well-posed. To see that
equations (39) and (40) an be put into the form of
a strongly hyperboli system we shall follow a stan-
dard proess (see e.g. [6℄). Correspondingly rst we
introdue the rst order derivatives of w and h,
wT = ∂Tw, wR = ∂Rw, hT = ∂Th, hR = ∂Rh,
(42)
as new variables. In terms of the relevant enlarged









(∂RhR)− 2R (∂RhT ) + bh, (44)
where bw and bh are given as









































It is straightforward to see that the above equa-
tions, along with the rst and third equations of (42),
and the integrability onditions
∂TwR = ∂RwT and ∂ThR = ∂RhT , (47)
possess the form of a rst order system
∂TΦ = AR(∂RΦ) +B, (48)


















moreover, AR takes the form
AR =

0 0 0 0 0 0
0 −2R Ω2/κ2 0 0 0
0 1 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −2R Ω2/κ2
0 0 0 0 1 0
 . (50)
Sine the eigenvetors of AR omprise a omplete sys-
tem and its eigenvalues are all real this rst order
system is, in fat, a strongly hyperboli system [16℄.
Notie also that B does not depend on the spae-
like derivatives of Φ, i.e. it is a funtional of T , R and
Φ exlusively, B = B(T,R; Φ). It is also straight-
forward to verify that the onstraint equations, i.e.
the seond and the fourth equations of (42), are pre-
served by the time evolution governed by (48). This,
in partiular, guarantees that the pair of funtions w
and h yielded by the evolution of suitable initial data
speiations will automatially satisfy the original
evolution equations (39) and (40), as well, provided
that the onstraint equations hold on the initial data
surfae.
Finally, we would like to emphasize that the sys-
tem speied by the relations (48) - (50) is not only
strongly hyperboli but an be put into the form of
rst order symmetri hyperboli system. To see this








Then the system of eld equations for the vetor vari-
able Φ = (w,wT , wˆR, h, hT , hˆR)
T




0 0 0 0 0 0
0 −2R Ω/κ 0 0 0
0 Ω/κ 0 0 0 0
0 0 0 0 0 0
0 0 0 0 −2R Ω/κ
0 0 0 0 Ω/κ 0
 . (52)
Nevertheless, in all of our numerial simulations the
strongly hyperboli form given by (48) - (50) was used
whih system was found to be as eient in auray
in a number of partiular ases as the symmetri hy-
perboli system.
8V. THE NUMERICAL SCHEME
In our numerial simulations we shall use the sim-
plest possible orthogonal grid based on the T = const
and R = const 'lines' in the domain T > T0 as it is













FIG. 2: The domains above the initial data hypersurfae
T = T0 overed by the simplest possible orthogonal grid are
indiated in the applied onformal representations.
points is given as
Tl = T0 + l∆T, l = 0, 1, ..., Lmax (53)
Ri = i∆R, i = 0, 1, ..., Imax, (54)
for some Imax, Lmax ∈ N xed numbers and with the
relation ∆T = k∆R for some k ∈ N. In this setting a
funtion f = f(T,R) will be represented by its values
at the indiated grid points, i.e. by f li = f(Tl, Ri).
In our numerial simulations the total number of
spatial grid points was hosen to be an integer power
of 2, i.e. 2N , for some value N ∈ N. A small fragment
of these spatial gridpoints were used to handle the grid
boundaries at the origin and beyond future null inn-
ity (see subsetion VD for more retails). For this pur-
pose we always used 1/26 and 1/24 parts of the spatial
gridpoints on the left side of the origin and beyond
future null innity. This means that the formal val-
ues of the R-oordinate at these timelike portions of
the numerial grid boundaries are Rl = − 4256−4−16 ∼
−0.017 and Rr = 1+ 16256−4−16 ∼ 1.068. Note that the
appropriate treatment of the grid boundaries does not
require the use of xed portions of the spatial grid-
points. Nevertheless, we used this simple approah
to have a straightforward setting in whih we ould
ompare the results of our numerial simulations for
various resolutions for the prie that only the 236/256
part of the spatial gridpoints represented points from
the original Minkowski spaetime.
A. The time integrator
The time integration of (48) is based on the use of
the `method of lines' in a higher order sheme as it is
proposed by Gustafsson et al [16℄. In partiular, we
integrate (48), along the onstant Ri lines, by mak-
ing use of a fourth order Runge-Kutta sheme. This
is done exatly in the manner as the Runge-Kutta
sheme is used to integrate rst order ordinary dif-
ferential equations. Correspondingly, the value of Φ









































































































































To be able to apply this method of time integration
we must alulate R-derivatives of ertain funtions
several times. In this time integration proess we ap-
proximated these R-derivatives by a symmetri fourth
order stenil (see appendix B).
It follows from general onsiderations [16℄ that the
above desribed time integration proess applied to
(48) annot be stable unless a suitable dissipative
term is added to eah evaluation of the right hand
side of (48). An appropriate dissipative term, rele-







where σ is a non-negative onstant and the sixth or-
der R-derivatives were evaluated in a symmetri sixth
order stenil (see appendix B).
Notie that the use of this dissipative term does
not redue the order of auray of the applied nite
dierene approximation. Moreover, sine (48) is an
almost everywhere symmetrizable strongly hyperboli
system and all the dierential operators are entered
it follows from Theorem 6.7.2. of [16℄ that the applied
time integration proess is stable provided σ is suf-
iently large and k = ∆T/∆R is suiently small.
Numerial experiments showed us that, for instane,
the partiular hoies σ ∼ 10−2 and k = 1/8 provide
9the required stability for the time integration of our
evolution equation.
B. The evaluation of the evolving elds at the
origin and at future null innity
Before being able to make the rst time step, and
later at eah of the time levels we have to fae the fol-
lowing tehnial problem. The soure term B in (48)
ontains terms  see the last terms of (45) and (46) 
whih are given as ratios of expressions vanishing at
the origin and at onformal innity, respetively. The
evaluation of these type of expressions generally is a
hard numerial problem.
It turned out, however, that the exat value of bw
and bh is either irrelevant or an be shown to be zero.
To see this onsider rst the evolution of the elds
at the origin. By making use of the eld equations
and assuming that the elds are at least of lass C2
at R = 0 we have shown (see (17) - (19)) that in
a suiently small neighborhood of R = 0 the eld
values w and h must possess the form
w = 1 + wˆ(T,R) ·R2 (61)





where wˆ(T,R) and hˆ(T,R) are assumed to be su-
iently regular funtions of their indiated variables.
These relations immediately imply that
w(T, 0) ≡ 1, (63)
wT (T, 0) ≡ 0, (64)
wR(T, 0) ≡ 0, (65)
moreover,
h(T, 0) ≡ 0, (66)
hT (T, 0) ≡ 0, (67)
hR(T, 0) ≡ −2H∞
κ
, (68)
hold. In other words, the time evolution of our basi
variables at the origin is trivial and hene the evalu-
ation of the bw and bh is not needed there.
Despite their apparent singular behavior the evalu-
ation of bw and bh at R = 1 is possible based on the
following observations. The rst two terms of bw and
bh are proportional to the onformal fator Ω so they
vanish at I +. The last terms also vanish there in
spite of the presene of the Ω−2 fators in them sine
these expressions always ontain as a multiplying fa-
tor at least one of the massive eld variables, either w
or, whenever λ 6= 0, h. These eld variables, however,
possess the fall o property that rnw and rnh for arbi-
trary positive integer value (n ∈ N) tend to zero while
r → ∞. By making use of this fat, along with the
relation r = R/Ω, it is straightforward to hek that
both bw and bh must vanish at I
+
. Aordingly, the
values of bw and bh were kept to be identially zero
at R = 1 in the numerial simulations.
C. Inreasing auray
In order to ensure higher order of auray we also
have applied the following trik. Instead of alulat-
ing the time evolution of the variables w and h them-
selves we determined the evolution of the deviation,
w
∆
= w − w0 and h∆ = h− h0, of them with respet
to ertain analyti funtions, w0 and h0. In fat, the
funtions w0 and h0 need not neessarily required to
be solutions of the eld equations although it is fa-
vorable to assume that they possess the same type
of behavior at R = 0 and at I + as the funtions w
and h themselves. This way it was possible to ahieve
a onsiderable derease of the error of our numerial
sheme in these ritial neighborhoods.
The evolution equations for w∆ and h∆ an be de-
dued immediately by making use of the assumptions
that w = w∆ +w0 and h = h∆ + h0 satisfy (48). The
linearity of the involved dierential operators yields
that




= B − ∂TΦ0 +AR(∂RΦ0) (70)
with B being the funtional as it is given by (49) but
evaluated at the funtions w = w
∆
+ w0 and h =
h
∆






























It is straightforward to verify that in the partiular
ase when w0 and h0 are solutions of (39) and (40),
i.e. Φ0 is a solution of (48),
B
∆













where bw and bh are supposed to be evaluated at the
funtions w = w
∆
+ w0 and h = h∆ + h0, respe-
tively. In all our numerial simulations, presented in
this paper, w0 and h0 were hosen to be the stati
BPS solution given by (26) and (27) with C = g = 1.
10
D. The treatment of the grid boundaries
In any numerial simulation the appropriate treat-
ment of the grid boundaries requires the most are-
ful onsiderations. In the ase studied here the grid
boundary onsists of two disjoint parts, the gridpoints
representing the origin and the right edge lying in the
non-physial spaetime region. It is the evaluation
of various derivatives of the dependent variables at
these boundaries what desire very areful investiga-
tions. The handling of these issues, as they are im-
plemented in our ode, are desribed in the following
subsetions.
1. The boundary at the origin
As it was already mentioned in Setion IIA at the
origin we an use spherial symmetry and the smooth-
ness of the eld variables to gain information about
the parity of the relevant funtions. This knowledge
an then be used to extend these funtions onto a
virtually enlarged grid. In partiular, for any fun-
tion whih an be divided into two parts, one of
whih has a denite parity in oordinate R, while
the other part is expliitly known, suitable symme-
try transformations an be used to dene values of
the funtion at the additional grid points to the left
of the word line representing the origin (see Fig. 3).









FIG. 3: To the left the extended grid, while to the right the
way of extension of funtions is indiated for even, feven, and
odd, fodd, funtions, respetively. In fat, the extensions of
these funtions are determined by either an axial or a entral
reetion to the R = 0 line or to the `entral point' as indiated





of R-derivatives of the applied variables an be deter-
mined at R = 0. More expliitly, as we will see any
funtion f in our interest an be given as a sum of two
funtions, f = f d.p. + f e.k. , one of whih has a de-
nite parity f d.p. , being either even or odd funtion of
the R-oordinate, and another expliitly known one
f e.k. . Suh a funtion an be extended, its extension
will be denoted by {f}ext, to the additional gridpoints
as follows. Suppose, rst, that f d.p. is an even fun-
tion. Then f even = f − f e.k. an be extended to the
left of R = 0 simply by taking the axial reetion,
{f even}ext = (f − f e.k.)AR, of its graph to the R = 0-
axis, dened by the relation (f even)AR|−i = f eveni .
Finally, by making use the fat that f e.k. is expli-
itly known and thereby its extension is supposed to
be also known (potential singularities at the origin
has already been exluded by former assumptions),
the extension {f}ext of f an be given as {f}ext =
(f − f e.k.)AR + {f e.k.}ext. A similar proess applies
whenever f d.p. is an odd funtion with the distintion
that axial reetion should be replaed by a `entral
reetion' determined by the relation (f odd)CR|−i =
−f oddi . Thereby the extension of f then an be given
as {f}ext = (f − f e.k.)CR + {f e.k.}ext.
Turning bak to our onrete eld variables note
rst that in the time integration proess we need
to evaluate R-derivatives of the dependent variables
listed as omponents of the vetor valued funtions Φ,
see the relation (49). Sine w and h+rH
∞
were found
to be even funtions of the original r-oordinate, it



























Thereby the extensions of these funtions, to the en-
larged grid, yielded by the above desribed general
proess are










−i = −wRli, (81)























Note that whenever we onsider the evolution of
∆Φ with respet to a solution Φ0 of (48)  Φ0 pos-
sesses the same parity properties as the hypothetial
solution Φ itself  thereby the omponents of ∆Φ are
neessarily even funtions of the R-oordinate so their
extensions at the origin are straightforward.
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2. The grid boundary in the non-physial spaetime
The appropriate treatment of the boundary in the
non-physial spaetime requires ompletely dierent
type of onsiderations. Clearly, at this part of the
boundary there is no way to enlarge the grid based
on a suitable ombination of ertain smoothness and
symmetry requirements, as it was possible to be done
at the origin. Instead to be able to determine the re-
quired number of R-derivatives we used the following
two ideas:
First, at the edge and neighboring gridpoints we ap-
plied a numerial adaptation what would be alled as
`one sided derivatives' (see appendix B) in analyti in-
vestigations. By making use of these approximations
the time integration proess an be arried out along
the gridlines lose to the edge. Seond, our problem
inherently is a boundary initial value problem (see e.g.
[16℄). Thus appropriate boundary onditions have to
be hosen at the grid boundary to be able to arry
on the time integration sheme. There is a onsider-
able freedom in hoosing boundary onditions at the
edge of the grid. We intended to hoose the one whih
allows waves to travel from the left toward the edge
of the grid without being reeted, moreover, whih
exludes waves oming from beyond this edge toward
the diretion of the domain of omputation. The or-
responding restritions in terms of our basi variables







Numerial experiments justied that this hoie did
really ensure that the above two requirements were
satised.
E. Spei hoies of parameters in the ode
In order to onentrate suient number of grid
points to the entral region where the monopole lives,
as well as, to have enough grid points to resolve the
expanding shell strutures at large radius we have
hosen κ = 0.05 as the parameter inluded in the
oordinate transformation (31) and (32). This spe-
i hoie turned out to be appropriate for all the
simulations presented in this paper.
For onveniene, the total number of spatial grid
points was always hosen to be an integer power of 2.
Our minimal resolution was 28 = 256, with 4 points in
the negative R region and 16 points in the R > 1 do-
main. To preserve the grid point positions when dou-
bling the resolution, in general, we used 4/256 = 1/64
part of the total spatial grid points for the negative
R mirror image points, and 16/256 = 1/16 part of
the total points for the unphysial domain. Keeping
the size of the unphysial region above R > 1 to
be onstant is useful when investigating the stability
and the onvergene of the ode in that region, while
the unneessary points in the negative R domain only
derease the speed of the ode slightly.
In order to investigate the stability onditions of the
numerial ode it is helpful to write out the oordinate






where the positive signs orrespond to outgoing, the
negative signs to ingoing geodesis. The maximal o-
ordinate veloity ours at null innity R = 1, tak-
ing the value 2 for outgoing geodesis. The absolute
value of the oordinate veloity of ingoing geodesis
is always smaller than 1/2. In priniple this would
allow any numerial time step ∆T whih is smaller
than half of the radial step ∆R. However, the evolu-
tion equations of the massive eld omponents have
an apparent singularity at R = 1, where our numeri-
al evolution ode was not appropriately stable unless
the time step was hosen as small as ∆T = ∆R/8.
Choosing the parameter σ in the dissipative term
(60) to be σ = 0.01 stabilize our numerial ode with-
out inuening the results signiantly even at lower
resolutions.
VI. TESTING THE NUMERICAL CODE
WITH MASSIVE AND MASSLESS
KLEIN-GORDON FIELDS
In order to asertain the appropriateness of our nu-
merial ode we employed it to a physial system for
whih the time evolution an be established by an in-
dependent, ertainly more preise method. Beause
of the linearity of the equations desribing the mas-
sive Klein-Gordon eld its time evolution an be al-
ulated by the Green funtion method. If the Klein-
Gordon eld and its derivative are given on a spaelike
hypersurfae then the eld value an be alulated at
any point in the future as a sum of two denite (nu-
merial) integrals (for more details see, e.g., [10℄). The
study of the Klein-Gordon eld is espeially impor-
tant, sine for several physially important systems,
inluding the magneti monopole, at large radius the
various eld omponents deouple, and behave like
independent massive or massless linear Klein-Gordon
elds.
In the spherially symmetri ase the Klein-Gordon




∂rΦ− ∂2tΦ = m2Φ . (88)
Introduing the new eld variable z = rΦ, in the o-
ordinate system (T,R) dened by (31) and (32) the
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where the dierential operator P is dened in (41).
Similarly to the monopole ase the equation an be
transformed to a system of three rst order partial dif-
ferential equations by introduing the new dependent
variables zT = ∂T z and zR = ∂Rz.
The initial data on the T = 0 hypersurfae was
hosen as a speiation of nonzero time derivative in
a loalized region superimposed on the vauum value









, if r ∈ [a− b, a+ b];
0 , otherwise,
(90)
with the onstants seleted to be a = 2, b = 1.5,
c = 70, d = 10 and κ = 0.05 in this setion.
First we applied our evolution ode to the massive
Klein-Gordon eld with m = 1. On Fig. 4 we om-
pare the eld values on a onstant T slie obtained
with dierent spatial resolutions to the preise value
alulated by the Green funtion method. The hosen
time slie is at T = 2.4746, well after the null geodesi
emanating from the origin at T = 0 has reahed null
innity at T = 1. It is apparent, that even if the
results obtained by the evolution ode are not om-
pletely satisfatory lose to I + (R = 1) the eld val-
ues in the entral area remain orret for onsiderably
longer time intervals. On Fig. 5 the upper envelope
urve for Φ is shown at a xed radius, R = 0.02542,
orresponding to r = 1.0176. The frequeny of the
eld osillations approahes (from above) m = 1 in
terms of the original time oordinate t, whih in the
T oordinate orresponds to 20. We an see, that as
it may be expeted from the behavior of the ingo-
ing null geodesis, the doubling of the resolution in-
reases the time interval where the numerial solution
is valid approximately by a fator of two. On Fig. 6
the absolute value of the error at the same onstant
R radius is shown for several dierent numerial res-
olutions. Initially, up to approximately T = 0.1, the
error values derease aording to the expeted fourth
order onvergene of the ode. Later, for T > 0.3 the
onvergene beome even faster, approximately fth
order. This behavior is due to dominane of the arti-
ial dissipation term whih dereases as (∆R)5. At
later stages a numerial instability arises and the error
inreases until its absolute value reahes the magni-
tude of φ and the numerial simulation is no longer
reliable.
We have also tested our ode by applying it to
the massless Klein-Gordon eld with the same pa-
rameters in the initial data (90). With m = 0 the
Klein-Gordon equation (89) is regular at null innity










































FIG. 4: The behavior of the massive Klein-Gordon eld
with m = 1 at the T = 2.4746 slie for large radius is
shown. In order to make the expanding shell strutures
more apparent the funtion z = rΦ is plotted instead of
Φ. On the upper graph the osillations of z as alulated
by the Green funtion method is shown. On the lower
graph the upper envelope of the osillations in z, i.e. the
urve onneting the maximum points of the funtion z,
is shown for the Green funtion alulation, and also for
the evolution ode orresponding to the indiated spatial
resolutions.
we show the resaled eld variable z = rΦ at null
innity as a funtion of the hyperboloidal time o-
ordinate T obtained with several dierent numerial
resolutions. Sine in the massless ase information
spreads stritly with the veloity of light, the value
of z has to be exatly zero before the outgoing light
ray from the outer edge of the nonzero initial data,
i.e. from T = 0 and rb = a + b, reahes null inn-
ity, and has to return to zero again after the ingoing
ray from the same point, bouning through the en-
ter reahes null innity as well. This means that the
signal an be nonzero only within the time interval√
κ2r2b + 1 − κrb < T <
√
κ2r2b + 1 + κrb whih, af-
ter substituting the values of the onstants κ and rb,
orresponds to the interval 0.8402 < T < 1.1902. We
see that the higher the resolution is the better the
numerial simulation an follow the abrupt hanges
in the magnitude of the eld variable. Other feature
that an be seen from the gure is that after the sig-
nal left the system a numerial noise remains, with
a magnitude of about 10−16 part of the size of the
























FIG. 5: The upper envelope urve of the osillations of
the Klein-Gordon eld Φ at a onstant radius lose to the
enter of symmetry. In order to ompensate for the fast
deay of the eld, the envelope of ΦT 3/2 is plotted, whih
should tend to a onstant value on theoretial grounds.
Apart from a short initial period, the envelope of the
Green funtion result is really onstant. The envelopes
of the funtions obtained by the evolution ode stay near
this onstant value for longer and longer times as the
number of spatial grid points is inreasing.
range for very long time intervals, even for T ≈ 104.
In order to keep the numerial noise at a low level
for very long time intervals a smooth uto in the arti-
ial dissipation term has been introdued in the un-
physial region R > 1. This was neessary beause of
the inompatibility of the sixth derivative dissipative
term with the outgoing boundary ondition applied
at the outer edge of the grid.
VII. NUMERICAL RESULTS FOR THE
TIME EVOLUTION OF MAGNETIC
MONOPOLES
A. Choie of initial data
The numerial simulations presented in this paper
were arried out in the λ = 0 ase, when the Higgs
eld is massless and the stati monopole solution is
given by ws and Hs in (26) and (27). For our nu-
merial simulations we used initial data whih on-
sisted of a onentrated spherially symmetri pulse
superposed on the stati monopole solution. Dening
hs = r(Hs − H∞), at T = 0 we hoose (w)◦ = ws,









, if r ∈ [a− b, a+ b];
0 , otherwise.
(91)
In all of the following simulations we take a = 2, b =




















r  = 1.0176
FIG. 6: Logarithmi plot of the absolute error of the
value of the massive Klein-Gordon eld φ at onstant ra-
dius R = 0.02542 alulated with several dierent numer-
ial resolutions orresponding to the indiated number of
spatial grid points. The orret absolute value of the eld
is also plotted in order to show the time intervals where
the error is smaller than the atual funtion value. We
note that the downward pointing peaks indiate moments
of time where the funtions hange signature. In order to
redue the omplexity of the gure, for eah resolution
the error is plotted only up to a time where it beomes



























FIG. 7: Time dependene of the absolute value of the
resaled eld variable z = rΦ at null innity R = 1
obtained by our numerial ode in ase of the mass-
less Klein-Gordon eld with numerial resolutions orre-
sponding to the indiated number of spatial grid points.
c. For our basi hoie c = 70, whih is the ase
disussed in [11℄, the energy provided by the pulse is




Sine we onsider the derivatives of w and h as dis-
tint variables the relations wR = ∂Rw and hR = ∂Rh
represent onstraints now. In the analyti setting
these relations are preserved by the evolution equa-
tions, provided that they hold on the initial surfae.
A partiular test of our numerial ode is the monitor-
ing of the violation of these onstraints. On Fig. 8 the
L2 norm of the h onstraint is presented as a funtion
of time, dened as
||hR − ∂Rh|| =
(∫ 1
0

































FIG. 8: Time dependene of the h onstraint violation
for several numerial resolutions orresponding to the in-
diated number of spatial grid points. The amplitude
parameter in the initial data was hosen to be c = 70.
tions the error dereases when one inreases the num-
ber of grid points. However, at higher resolutions,
most likely beause of rounding errors, the onstraint
violation beomes higher again. It is also apparent
that apart from a short initial period the onstraint
violation is a dereasing funtion of time. The time
dependene of the w onstraint violation is similar to
that of h on Fig. 8, only its magnitude is somewhat
smaller.
C. Energy balanes
To monitor the appropriateness of the applied nu-
merial shema we alulated energy balanes for var-
ious spaetime domains. In partiular, we onsid-
ered the type of domains shown by Fig. 9 bounded
by T = const. and R = const. hypersurfaes.
To see how the energy balanes an be alulated
reall that whenever ta is a Killing vetor eld, satis-


















FIG. 9: The boundary ∂V = ∂V1 ∪ ∂V2 ∪ ∂V3 of the shaded
spaetime domain, represented by the union of the T = T1,
T = T2 and R = R¯ hypersurfaes is shown.
ja = T abt
b
(93)
is divergene free, i.e.
∇aja = 0 . (94)






aǫ˜ = 0 , (95)
where ǫ denotes the 4-volume element while ǫ˜ is the
3-volume element indued on the boundary ∂V of V .
Note that ǫ˜abc = neǫ
e
abc where ne is the (outward
pointing) unit normal 1-form eld on ∂V .
Let us denote by B(T¯ , R¯) the ball of radius R = R¯
entered at the origin of the T = T¯ (= const) hyper-
surfae, moreover, by C(T2, T1, R¯) the portion of the
ylindrial hypersurfae R = R¯ between the T = T1
and T = T2 hypersurfaes. With these notations the
boundaries, as indiated on Fig. 9, ∂V1 and ∂V3 are
the balls B(T1, R¯) and B(T2, R¯), while ∂V2 is the ylin-
der C(T2, T1, R¯) onneting them. Then the energy






where ǫ˜(t) is the volume element on the onstant T
hypersurfae and n
(t)
a is its future pointing normal
vetor. Similarly, the energy transported through the
timelike boundary C(T2, T1, R) is given as






where ǫ˜(s) is the volume element on the onstant R
hypersurfae and n
(s)
a is its outwards pointing nor-
mal vetor. Using these notations the energy balane
equation (95) takes the form
E(T2, R)− E(T1, R) + S(T2, T1, R) = 0 . (98)
Note that while in analyti onsiderations the l.h.s.
of (98) is always identially zero, for any hoie of
T2, T1 and R, in meaningful numerial simulations
the orresponding quantity is merely lose to zero,
i.e. an apparent violation of the energy onservation
happens. In fat, the numerial value Nvec(T2, T1, R)
of the violation of the energy onservation assoi-
ated with a spaetime domain V , whih is dened as
Nvec = E(T2, R)− E(T1, R) + S(T2, T1, R), (99)
an be used as one of the possible monitorings of the
appropriateness of a numerial ode.
To evaluate the integrals (96) and (97) we need to
determine the volume elements ǫ˜(t) and ǫ˜(s) whih an




where εeabc denotes the Levi-Civita alternating tensor
with ε0123 = 1. To get ǫ˜
(t)
and ǫ˜(s) onsider now
the Minkowski spaetime in oordinates (T,R, θ, φ)
assoiated with the applied onformal representation.
Then the omponents gαβ of the metri tensor, gab,






κ2 R 0 0
R −1 0 0
0 0 −R2 0
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Ω−4(R2 + 1)R2 sin θ. (103)





g00, 0, 0, 0). This implies













|h(t)|(dR)α∧ (dθ)β ∧ (dφ)γ ,
(104)
where h(t) is the determinant of the three metri
h
(t)
ab = gab − n(t)a n(t)b indued by gab on B(T,R),
i.e.
√
|h(t)| = R2 sin θΩ3 on B(T,R). Similarly, the
normal of C(T2, T1, R), pointing out from the do-
main V , is n
(s)
α = (0, 1/
√
−g11, 0, 0) and thereby




−g11 = − 2Ω2κ(R2+1) whih im-










where h(s) is the determinant of the indued metri
h
(s)






|h(s)| = R2 sin θκΩ2 .















T 10 dT . (107)
On Figs. 10 and 11 the time dependene of the
violation of the energy onservation Nvec(0, T, R) is
shown for numerial runs with various resolutions
























215 R = 0.83051
r  = 107.07
FIG. 10: Initial behavior of the numerial violation of
the energy onservation Nvec(T, 0, R) for dierent spatial
resolutions is shown. The spaetime domain is bounded
by the onstant time surfaes T1 = 0 and T2 = T , while
the ylindrial boundary is at R = 0.83051, orrespond-
ing to r = 107.07.
It an be seen from these gures that the error in the
energy onservation dereases aording to expeted
fourth order onvergene during an initial period up
to approximately T = 0.7 and also later, after T > 20.
In the intermediate region the onservation violation
dereases more slowly. This is possibly due to the
highly osillating harater of the elds in that time






















FIG. 11: The time dependene of the violation of the
energy onservation Nvec(T, 0, R = 0.83051) for the same
numerial simulations as on the previous gure is shown
but for a muh longer time interval.
were alulated only with a seond order onvergent
method.
The magnitude of the presented onstraint viola-
tions is really meaningful only if it an be ompared
to the full energy ontent. On Fig. 12 the time depen-
dene of the energy ontent E(T,R) and energy loss
S(T, 0, R) is shown for the same spaetime domain
as on Figs. 10 and 11. To bring the two urves of the
graph into the the same range, instead of the total en-
ergy E(T,R) the energy dierene between E(T,R)
and that of the stati monopole solution Es(R) is
shown on Figs. 12 and 13. For the hosen initial pa-
rameters and radius R = 0.83051 the energy of the
stati bakground monopole is Es(R) = 12.449, less
than double of the energy provided by the initial de-
formation.
The time dependene of the dierene E(T,R) −
Es(R) of the dynamial and stati energy funtions,
E(T,R) and Es(R), for longer time periods is shown
logarithmially on Fig. 13 for inreasing numerial
resolutions. The onvergene of the presented urves
provides us a strong indiation on how long we an
take our numerial results seriously. For the highest
resolution used, i.e. that with 215 spatial grid points,
the alulation beomes unreliable after T = 300. We
note that in physial time, i.e. in time measured in
mass unites, the time interval ∆T = 300 orresponds
to ∆t = 6000, meanwhile the entral monopole per-
forms nearly one thousand osillations.
D. Energy transfer
In order to distinguish linear and nonlinear ef-
fets in the evolution of magneti monopoles we rst
present results orresponding to very small initial














r  = 107.07
Es(R)  = 12.449
FIG. 12: The solid urve on the graph shows the time
dependene of the energy ontained inside a radius R on
the onstant T hypersurfae E(T,R) dereased by the en-
ergy ontent of the stati monopole, Es(R). The dashed
urve represents the total energy transported through
the onstant R hypersurfae until time T . The sum of
















210 ...  215
R = 0.83051
r  = 107.07
Es(R)  = 12.449
c  = 70
10·T - 3/2
FIG. 13: Time dependene of the extra energy ontent
E(T,R)−Es(R) for the same system as on the previous
gure, but now for longer time periods and with logarith-
mi axes.
extra energy provided by the initial pulse is only
0.00069783, whih is very small ompared to the en-
ergy of the stati monopole, whih is 12.566 to ve
digits preision. On Fig. 14 the time dependene
of the extra energy is presented in a ball of radius
R = 0.067797, whih orresponds to r = 2.7244. In-
side this radius the stati bakground solution on-
tains energy Es(R) = 7.0238, whih is about 56 per-
ent of the total energy of the stati monopole. For
this low energy ase, after a short initial period, the
energy ontent starts osillating around the energy
of the stati monopole. The time deay of these



















r  = 2.7244
Es(R)  = 7.0238













FIG. 14: Extra energy E(T,R)−Es(R) as a funtion of
time ontained inside radius R = 0.067797 for an initial
and for a longer time period.
Fig. 15 the energy ontent is presented in a muh
larger ball, with radius R = 0.83051, orresponding

















R =  0.83051
r  = 107.07
Es(R)  = 12.449





















FIG. 15: Extra energy ontent E(T,R) − Es(R) for
radius R = 0.83051 in ase of the low energy deformation
c = 0.7.
tained in the stati monopole is 12.449, whih is 99
perent of the total stati energy. It is apparent that,
beause the Yang-Mills eld is massive, part of the en-
ergy provided by the pulse remains inside this radius
for quite a long time. The osillations of the energy
ontent will be entered around the stati value only
after about T > 100.
On Fig. 16 the energy ontained in the same small
radius R = 0.067797 as the one used at Fig. 14 is
shown for a large initial deformation orresponding

















r  = 2.7244
Es(R)  = 7.0238




















FIG. 16: Extra energy ontent E(T,R) − Es(R) for
radius R = 0.067797 for high energy deformation orre-
sponding to c = 280.
pulse is 110.73, whih is 15 times more than the en-
ergy of the stati monopole inside this radius. The
main dierene ompared to the previous ase is that
the osillation of the energy is not entered on the
stati monopole energy anymore. The average value
of the energy is below the stati value for a very long
time period. We interpret this as a nonlinear eet.
The expanding initial pulse sweeps out not only the
provided extra energy but also a part of the energy
of the stati monopole. It takes a long time to get
bak this energy whih is stored in the massive Yang-
Mills eld osillations at intermediate distanes from
the monopole. On Fig. 17 the extra energy is shown
for the same large initial pulse but for the larger ra-
dius, r = 107.07. Inside this large radius the energy
remains above the stati value during the whole time
period where our numerial simulation an be onsid-
ered to be valid.
On Fig. 18 the eet of an extra large initial pulse
is presented. In this ase the amplitude of the initial
pulse was hosen to be c = 1120, orresponding to
provided energy 1629.6. In this ase the initial pulse
quikly sweeps out most of the energy of the monopole













R =  0.83051
r  = 107.07
Es(R)  = 12.449
E(0,R) - Es(R)  = 111.46
c = 280
550·T - 3/2
FIG. 17: Extra energy ontent E(T,R)−Es(R) for the
larger radius, R = 0.83051, for high energy deformation
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FIG. 18: Full energy ontent E(T,R) inside radius R =
0.067797 for an extra large intial pulse with c = 1120.
energeti osillations, the major part of the monopole
energy returns, and the energy ontent starts to osil-
late around a value below that of the stati monopole,
similarly to the less energeti nonlinear ase presented
on Fig. 16.
E. The magneti harge
It is known that in a gauge theory, like the one
onsidered in this paper, by making use of the for-
mal denition applied in Maxwell theory, a onserved
magneti harge an be dened although the yielded
harge is a Lie-algebra-valued quantity. Hene a
meaningful denition of magneti harge requires the
use of a gauge independent speiation of what is
onsidered to be the eletromagneti ontent of the
system.
Historially two main approahes developed. The
rst one was suggested by 'tHooft [17℄. It satrts by
onsidering the gauge independent expression [21℄
Fab = 1|ψ| tr(ψFab) +
i
g|ψ|3 tr(ψ[Daψ,Dbψ]), (108)
where |ψ| = tr(ψψ) 12 . It an be heked that in terms
of the variable Aa = 1|ψ| tr(ψAa) the above Maxwell
tensor an be given as
Fab = ∂aAb − ∂bAa. (109)
Note, however, that despite of the elegane of this
onstrution the main drawbak is that aording to
this denition the magneti harge an reside only at
the zeros of the Higgs eld, whih means that in our
ase the magneti harge has to be point-like, it is
onentrated to the origin.
Aording to a general expetation the 'tHooft-
Polyakov magneti monopole has the preferable prop-
erty of being non-singular in ontrast to the Dira
monopole (see e.g. [15℄). A proposal, made by
Polyakov and Fadaev, tting to this desire, whih will





This setion is to provide a brief aount on the
assoiated denition of the time and loation depen-
dent magneti harge density and the onserved total
magneti harge. Note that in ase of the applied min-
imal dynamial generalization of the stati t'Hooft-
Polyakov magneti monopole no eletri harge or
eletri harge density are generated. However, in
more generi onsiderations, involving all the physi-
al degrees of freedom, assoiated with e.g. the most
general spherially symmetri exitations of the BPS
magneti monopole, non-trivial eletri harge den-
sity appears, although the vanishing of the total ele-
tri harge is guaranteed [5℄.
Analogous to the arguments applied in Maxwell
theory the magneti harge density an be alulated





whih is dened with respet to a family of observer
represented by a timelike unit norm 4-veloity eld
ua. The magneti harge density is given then as the
3-divergene of Ba
ρM = ∇˜eBe (112)
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where ∇˜a denotes the ovariant derivative operator
assoiated with the 3-metri indued on the 3-spae
orthogonal to the 4-veloity eld ua.
To be more spei and preise, let us hoose the
timelike unit 4-vetor eld ua to be everywhere nor-






, 0, 0, 0
)
(113)
holds, while the indued metri on the T = const.
hypersurfaes an be given as
hab = gab − ua ub. (114)
Notie that for any xed value of T the vetor eld ua
oinides with the timelike unit norm n(t)a introdued
in the previous setion.
Carrying out all the neessary alulations and
ombining all the above relations we get that





moreover, the expression of the magneti harge den-











where, in virtue of (28) and (36), the funtion H
stands for the expression H = hΩ/R + H0. It is
important to note that in the smooth setting the
funtion ∂
[
H(1− w2)]/∂R vanishes up to seond
order in a small neighborhood of the origin, i.e.
there exists a smooth funtion ϕ = ϕ(T,R) so that
∂
[
H(1− w2)]/∂R = ϕR2. This, however, guarantees
that the magneti harge density ρM is regular at the
entre as it was antiipated.
Let us dene, again referring to analogies from
Maxwell theory, the magneti harge assoiated with





ǫ˜ ρM , (117)
where now ǫ˜ denotes the 3-volume element of the
spaelike hypersurfae Σ.
Returning to the previously used spei hoie let
us hoose V to be the ball of radius R entered at the
origin on a T = const. hyperboloidal hypersurfae,
i.e. V = B(T,R). Notie, that aording to (114)
the omponents of the 3-volume element ǫ˜ takes the
form given by the relation (104). Moreover, in virtue
of the Stokes' theorem and (112) the magneti harge
assoiated with the region B(T,R) an be given as a









where νa denotes the outward pointing spaelike unit
normal eld on the boundary ∂B(T,R) of the region
B(T,R), while ǫˆ is the volume element assoiated with
the indued metri χab on ∂B(T,R) whih is given as
χab = hab + νa νb. (119)
Sine the outward pointing unit normal eld νa in

















0 −R2 sin2 θ
)
, (121)








|(dθ)α ∧ (dφ)β , (122)
where χ
(2)








Combining all the above relations, for the magneti
harge QM (T,R) assoiated with a ball of radius R


























1− w2) . (124)
The total magneti harge,QM , assoiated with the
entire of a onstant T hyperboloidal hypersurfae, an
now be given as
QM = QM (T,R = 1), (125)
whih, in virtue of (124) and sine w tends to zero






Aordingly, the total magneti harge QM is a time
independent quantity so that its value oinides with
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Appendix A
The regularity properties (17) - (19) of the eld
















into the eld equations and requiring that the oef-
ients of the various powers of r vanish identially.
The yielded restritions are
w0(t) = 1 (A.3)
∂krw|r=0 = wk(t) = 0, (A.4)
for k being odd, and
H0(t) = 0 (A.5)
∂krH |r=0 = Hk(t) = 0, (A.6)
for k being even. It also follows from these relations,
along with (A.1) and (A.2), that at the origin the time
derivatives ∂tw and ∂tH have to vanish throughout
the evolution.
Note that part of these restritions an also be de-
dued in a dierent way. In partiular, by substituting
(A.1) and (A.2) into the tetrad omponents of the en-
ergy momentum tensor we immediately get that these
omponents annot be nite at the origin unless the
relations
w0(t) = 1 (A.7)
w1(t) = 0 (A.8)
H0(t) = 0 (A.9)
are satised.
To get the regularity result at future null innity
we need to transform the eld equations (15) and (16)
into a form suitable to study the asymptoti behavior
of the elds at I +. Therefore, instead of the standard
oordinates (t, r, θ, φ) we apply oordinates (u, x, θ, φ)
based on outgoing null geodesi ongruenes deter-
mined by the relations
u = t− r and x = 1
r
. (A.10)
In this frame future null innity is represented by the
x = 0 hypersurfae, moreover, the eld equations (15)
and (16) read as
x2∂2xw + 2x∂xw + 2∂x∂uw =
w
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whih are valid in a neighborhood of x = 0 whenever
w andH are at least Cn funtions through I +, where
the notations wk(u) = ∂
k
xw(u, x)|x=0 and Hk(u) =
∂kxH(u, x)|x=0 have been used. By substituting these
expansions into the eld equations (A.11) and (A.12)
we get the following: Whenever λ 6= 0
w(u) = 0 (A.15)
H(u) = H0 (A.16)
∂kxw = wk(u) = 0 (A.17)
∂kxH = Hk(u) = 0 (A.18)
for all 0 < k < n, i.e., in aordane with the re-
sults of Winiour [30℄, both of the elds deay faster
than xn to their limit values at I +. On the other
hand, whenever λ = 0 and H
∞
is non-zero only the
vanishing of the x-derivatives of w (up to the order
of n) is guaranteed while we get ∂uH = 0, i.e. H∞
is independent of u, there is no restrition for ∂u∂xH
and, nally, ∂u(∂
k
xH) = 0 for 2 ≤ k < n provided
that singular behavior of the eld at future (or past)
timelike innite is exluded. Note that the missing of
a restrition on ∂u∂xH is in aordane with the fol-
lowing physial piture. The term ∂u∂xH appears in
the energy urrent expression thereby whenever λ = 0
the massless Higgs eld do transport energy to I +.
The extent of this energy transport is restrited only
by the initial data and the eld equation.
Interesting subases our (whih would deserve
further investigations) whenever
• λ = 0 and H
∞
= 0
• λ 6= 0 and H0 6= 0 but H∞ = 0
• λ 6= 0 and H0 = 0.
Then either or both of the elds are massless and
there is no restrition on the behavior of the atual
massless eld or elds at I +.
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The above onsiderations shows that a YMH sys-
tem satisfying reasonable regularity assumptions at
I + annot radiate energy to future null innity un-
less either λ = 0, H0 = 0 or H∞ = 0.
Appendix B
This appendix is to list expressions we applied to
represent various numerial R-derivatives in misella-
neous stenils. The expressions below always refer to
an arbitrary funtion f on the lth time slie.
The rst and seond order R-derivatives relevant













(−f li+2 + 16f li+1 (B.2)
−30f li + 16f li−1 − f li−2
)
.
The rst, seond and sixth order R-derivatives rele-








f li+3 − 9f li+2 + 45f li+1 (B.3)









2f li+3 − 27f li+2 (B.4)









f li+3 − 6f li+2 (B.5)
+15f li+1 − 20f li + 15f li−1 − 6f li−2 + f li−3
)
.
We also used a numerial adaptation what would be
alled as `one sided derivatives' in analyti investiga-
tions. The relevant rst order `left sided derivatives'









−16f lImax−3 + 36f lImax−2 − 48f lImax−1 + 25f lImax
)








+6f lImax−3 − 18f lImax−2 + 10f lImax−1 + 3f lImax
)
at i = Imax − 1.



















+4f lImax−3 + 6f
l
Imax−2 − 20f lImax−1 + 11f lImax
)
.
The expressions relevant for the sixth order `left
sided' derivatives in a sixth order stenil at the spatial
gridpoints with indies Imax, Imax−1 and Imax−3 do
not dier from eah other. They are simply yielded
by the substitution of i = Imax − 3 into (B.5).
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